Velocity andl Acceleration:

+§z—r( t)here r= (A1), g(#), n(#))

with respect to time= lim
r(t+h)—r( )

Z
N\ h
r(t)=wv(t) The speed of the particle is| ' (#)]=] v( #)]. It's the magn
of the velocity vector.
r(e+h) dy\* [ dz\* v £)
1= (Z) (2] (%) 7
r( ) .
X
> Y acceleration = d rle)=r'(#) )

dt
=(£" (1), g"(t), B"(¢))

Examn position of an object is given by r(#) ={#*, > ). Find the velocity, speed and
@B&@E@E@E‘E@ﬁ wh@ﬁ t=1 and draw a picture.

’:(i)=<§ff‘ ,jii‘3> (2t3¢®) =>r(1)=(2-1,31%)=(2,3) |F(1)]=V2>+3> = V13 ~3.61 (speed)
P(0=( 226536 ) (2,60 ="(1)=(2,61)=(2,6)
1)={1%,13)={1,1)

(%, t3)

Find the velocity, acceleration and speed of a particle with position vector r(t)=( ¢, &', te*)
d d d d
r(t)=ger m‘@ﬁ gg e ggf@ V(1 ef, erret) (1, e, ef[1+])

speed=| r (£)]=V1*+( ef(1+8)]% =V 1+ e +[ e (1+4)°]
a(t)= jir’(i‘)=r”(i‘)=< jfi, j@ e, j@ et[§.+i‘]>=<0, e, e'+e'[1+t])=(0, e', e [1+1+1])
10 / - / =(0, e', e'[2+¢])
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speed vs. time acceleration vs. time



A moving particle starts at an initial position r(0)=(2, 0, 9)
. Its acceleration is a(t)=(2¢ 3t 5). Find fts velocity and p

v(t)= f t) dt —f(ztg&g)éi —< 2 3 f 5§>+C

Since v(0)=(0,-1,1), wegei< 2§ ,50>+C—<0 -1,1)

velocity v(0)=(0,-1,1)

(0,0,0)+C=(0,-1,1)
C=(0,-1,1)-(0,0,0)
C=(0,-1,1)

omplete velocity function is v ¢) =< * 3 £% -1, 55+3>

jv(i- dt —I< * i 15t+§.>£t+@

So the ¢

3
=<t— — 43 a§t2+t>+@
32
3
Since r{(0)=(2,0,0), weget<§ Lo3-o, 50 +o>+ﬁ=(2,o,o>

(0,0,0)+D=(2,0,0)
D=(2,0,0)-{0,0,0)
D={2,0,0)

o o 3 1
So the complete position fun > t3-t f %+ t> +(2,0,0)

1
+2,—§3—§,§i‘2+i‘>
2 2

Newton's Law of Motion:
Flt)=m a(t), F= force, a=acceleration
In the case of circular motion, r(t)={ acos(o t), asin(w t)).
o
period = % (time to complete a cycle) r{)

d d d
—; gl acos(wt), asin(ot)) = —(-asin(ot)o, acos(o t)o)

a(t)=

= E(—@wsﬁﬂ(w t), awcos(ot))

=(-awcos(ot)o, -aosin(ot)o)
=(-an”*cos(ot),-an*sin(ot))
=-0*(acos(ot), asin(ot))

=-w*r(t)

Thus, the force is given by F( ) = m[-0* r( )] = - mo® r( t) So the force is a vector that points inward
(b/c @f EEE@ n@g@’m@‘} and is a scalar multiple of the posftion vector for each t .

r speed, o( omega), have an impact.The de
with respect to time)




En E&e @Bssnsa of air resistance, an object moves only under the force of gravity.
Acceleration near the surface of the Earth is given by g=-9 .81m/s®. So the force acting
mass m fs given by F=-mgj, where j=(0,1) (F acts downward,hence the -).

] From the graph, we see that the initial velocity can be wiritt
as v, =l v, lcos(6), v, |sin(6))

N Since a(t)=-gj (negative g since it's downward

. \ , We can integrate to get v( )= f—gdtj —gtj+ v,
Integrting v(t), we get

) =jv(i-)§t =J—gt§tj+]voﬁt =—ft2j+%t+§

ol \ Remember form above that v, = v, |cos(6), | v, | sin(8)),
IIEf Ilc@s I \ | sowe get z-(s)=;ff2j+<|| v, lcos(0),|v, | sin(6))t+D
&

#(8)=(0, £ £ )+(I%, 1 cos(0)1v, |sin(0) £)+

r()=(1v,lcoslo)t £ £ +1 v, |sin(0) )+ D
If we assume that the object is launched from (0,y,), the
D=(0,y,)

From r(t), we get the parametric equations of the motion of the object as
x(8)=1v,lcos(8)t y(1)=—F t* +| v, | sin(0) t+,

does the object go down field? That occurs when y=0(str

- o _
- +| v, | sin(6) t=0

| £ e+l v, lsin(0)| = 0
21'v, | in(o)

t=0(when it's first launched ) f t+]| v, | sin(6)=0—>t= 2 (when it strikes the ground)
2| v |sin(0) 2| v |sin(0) v " -2cos(8)sin(8) |v. | sin(26)
Thus we getx( - )=|| v, lcos(9) — =— =—
& &g &g &
set | v, |*=1 (this is so we can focus on sin(2 6 )]
£=9.81 |
’EE‘EES E& maximized
0=45°.
/ \

le is fired so it leaves the barrel at a speed of 200m/s (meters per second) and from
height of 2 meters, at an angle of 30 degrees, we get the equations

x(#) =200 cos( 39) t y(t)= %& %+ 200 Sﬁjg(gg) +e By the Quadratic Formula, we get

Va3 > 1 = —iaai\/moz—@(—@g)-z
=200?§ =_€ugi +200'E§+2 2(_4.§)
2 _ 100 F100.196
2300 VE g- =_4agg- +§00§+2 i'— %.8
100 +100.196
Thus, the distance in meters is = 0.8 ~ 20.428

10073 - 100 +100.196 _ ~3538.262 meters 0 it takes the projectile 20.428 seconds

20.428
x(20428)= 9.8 of time to hit the ground.



The velocity is v(t)= (100 V3, -9.81 1+ 100 ) ust differentiate r(t) part by part)

The speed on impact is| v(20.428 )| = V (100 V3 )*+(- 0.81(20.428) +100)* ~192.26143 m/ s

Acceleration can be resolved into parallel and perpendicular componets.
r Remember that we can get a unit tangent vector by doing
E‘ ()
0= 1 | |
N a(t) E&Es we get e @] | TE)=r )
a, a=—r(t)= || (Ol x(e)=1r (e)] 7(2)+ | (2)] 7'(2)
ature, not developed here is given by x = |I|| T:((:: => |7 (#)| =] (¢ "K)

| vector is N(t)= % =17 (8N - T(i))

(the unit normal

Thus we get a=|r (£)| 7(2)+] £ (6] 7' ()| N )

a=| 7 (D] 7(8)+] 2 (D)1 ()|« N £)
writing v=|r (£)|, we get a= v 7( )+ v v« N( t)
a=v T( &)+ vk N(t)

So we get the normal component of accﬂemﬁ@ﬁ as v x and we get
the Emgeﬁﬁaé c@n@@ﬁeﬂ& of acceleration as v.
=xv*, a=v

Since we're often given r(t), it would be helpful to get expressions for a, and a, in terms of r,r’ ane
N@ﬁc@ that

ve a=vTe(v T+ v xN)= W?“ T+ vV xTe N (Rememl]

Te N=0, theyre L, ' T=1)

9
= vV

-

-> 9 o0 =B R
vez r(t)er(#) (remember that
So now solve for v = a,= — = (";e(i)"( )

"-5"(5L xxr” ()] | £ )" _ | = (#) xr"(#)] rvat =
| ()P |~ ()] |7 (#)

ol .
||3 é SAST
here )

position given by r(t)=( £ t*, £3) Find the normal and tangnential componen

A particle moves with

of acceﬁﬂaﬁ@m
o = r(t)er’(t) (1,2£3t%)°(0,2,68) 1-0+26(2)+3t"(6t) __ 4t+18¢° (fanction of t only)
' |7 )" I{1,2831%)| Vi +(28%+(3 £*)° Vi+4t®+g e
‘ [d/dt<tt72,t*3> . d/dt d/dt <tt*2,4235]/sqrt(12+(2t)"2+(3t2)*2)
i J k
rle)xr(e)=1 2 ¢ 2t |=(2t6t-2-31%, - (1-6t-0-31%),1-2-0-21)
) 2 6t

={12t*-6t*,-(61),2)=(6t*,-612)

|¥ (0 r"(8)] _ [K6¢*,-682)] _ V(6¢*)*+(-60°+2> _ V36¢*+361°+4  (function of t only)
|2 ()] [{1,253%)]  Vi*+(20%+(3¢*)° Vi+gt®+gt?

So a, =

I{2t,2,3t"2}*{2,2,6t}1/11{2t,2t,3t"2}I|







