Let f{lx, y) = x* +y* - 4x- 6 y+2.
Then £ (x,y)=2x-4=>2x4=0=>x=2
f(xyl=2y-6=>2y-6=0=>y=3

So there is a critical point at (2,3).
If we complete the square, we get

A== 2] (2] (-2 (5] v
flx y)=(x-2)*-4+(y-3)*-9+2=(x-2)*+(y-3)*-11

Notice that (x-2)* > 0 and(y-3)* > 0, so these make
the the values of f just get bigger and bigger, staruéngﬁ-omz==11.(2 3, ~11)

For f{x, y)=y* - x*, we get :
£=-2x=>-2x=0>x=0

f,=2y=>2y=0=>y=0

When we move along the x axis, we get {x, 0)=-x*<0, (x%0)

When we move along the y axis, we get 0, y)=y* >0, (y*0)

So every disk with cener (0,0) contains points giving values of f above nad below the xy plane.
Since this is the case, (0,0) doesn't give an extreme value.
h The graph shows one sample disk where
there are points such that

f>0 and f<o.

Since this surface lodks like a saddle,
the point (0,0) is called a saddle point
of .

ftion we're going up




Second Partial Derivatives Test:

Suppose the second partial derivatives of f are continuous on a disk with center (a,b), and suppose
that £, (a,b)=0 and f, (a,b)=0[That is, (a,b) is a critical point of f]. It can be proved using Taylor's
Formula that we can study the behavior of f using the following: (Sectoin 14.1 , Thomas Calculus, 11tk
D(a b)=£,(a b)£,(a b)-[£,(a b)]* and the following applies: | edition has a proof.)

i. If D>0 and £,_( a, 5) > 0, then f(a,b) is a local minimum. (Graph goes up in all directions.)

ifi. If D>0 and f_, (a,b)<0, then f(a,b) is a local maximum. (Graph goes down in all directions.)

iif. If D<o , then f(a,b) is not a local minimum or maximum.

In case fii., (a,b) is called a saddle point of f and the graph of f crosses its tangent plane at (a,b).

If D=0, the test is inconclusive. We could have a saddle
point, a minimum or a maxinum,

To remember this formula, write in determinant form:s

£ £ .
£ o | (5 since s g,

Find the local max. and min. values and saddle points of

fx y)=x*+y*-4xy+1

£=4x°-4y=4x°-4y=0= divide 4 out = x> = y (sdlve for y)
f,=4y°-4x= 4y°-4x=0> divide 4 out = y* = x (sclve for x)

Iny3 =x, replace y withx3 from the first one, to get(x3)®*=x=> x%=x
now solve this:

x?-x=0

x(x8—1)=0

x((x*)*-1)=0

x(x*-1)(x*+1)=0

x(x*-1)(x*+1)(x*+1)=0

This is zero when x=1, or -1,0r 0, from x=0, x* -1=0. (x* +1) and (x4 +1) are never 0.
So we have three real roots: -1,0,1 .

To create D(x,y), we need the second partials:

_ 0 p_ 2
=5 h=12x

= 5 We can now write

L= oy 512y Dix y)=(125%) 125 - (-4)* =144 5" y* 16
_ 0 ,_ 0 Ve

fy= oy h=ay(4x°~4y)=-4

We now test:

D(0,0)=-16 < 0, we have that the origin is a saddle point. (no max or min at (0,0))

When x=1, we have y=(1)3 =1, so we have D(1,1) =144-16=128>0, and £_(1,1)=12> 0,
so we have a local local min at (1,1),where f{1,1)=2-4+1=-2+1=-1
When x=-1, we have y=(-1)3 =-1, so we get D(-1,-1)=144(-1)*-16=144-16=128 > 0 and
£, (-1,-1)=12(-1)* =12> 0, so we get a local minimum again.

As the gaph shows, we have two pofnts
(1,1) and (-1,-1) where there are minimums
and a saddle point on (0,0).

For both (1,1) and f(-1,-1) we get
fl1,1)=£A-1,-1)=-1 as the lowest

value of z.




Find and classify the critical points of the function
flx,y)=10x*y-5x*-4y* - x*-2y*

We have to solv:
£, =20xy-10x-4 x> = factor 2x > 2x(10y-5-2x%)=0 tE‘a;s S;s'fe; ©
f,=10x*-8y-8y> = 10x*-8y-8y> = 0= divide 2 away > 5x" -4y-4y°=0
for 2x(10y-5-2x%)=0:

X=0 ori0oy-5-2x" =0
When x=0, 5X2_4}’_4}’3=0 Whenioy—s—zxz=owe get
becomes-4y-4y° =0 —2x"=-10y+5
—ay(1+y*)=0 x*=+5y-2.5
s0y=0 £ -4y=0 We can plug this in forx® in5x*-4y-4y°=0
and 1+y? is never o. to get 5(5y-2.5)-4y-4y°=0
Thus, we get the critical point (0,0). / We can graph this
| equation and lock
Using the values we have on the right for the roots to make
from the graph, we get | a reasonable estimate.
x*=5y-2.5 We can estimate the
x=+tV5y-25 o roots to be about
y=-2.5452 = x= t {5(-2.5452)-2.5 / \ = “‘gsggg
i =0.64
not a real result here / \ and y ~ 1.8984
7=~ 0.6468 = x=+ \5-0.6468-2.5 N \
=+ \ 0.7340 25 2.0 -15 -0 05 0.0 05 10 15 2
=+ 0.856738
So alll our points are the following:
y=1.8984 = x=+* V5 1.8984-2.5 (0,0)
= +2.644239 (+2.644239,1.8984)
(+0.856738 , 0.6468)
D(x,y)= z;xgy—t;y=(20y—10—12x2)(—8—24572)—(203()2
D(0o,0)=(-10)(-8)=80>0, £, (0,0)=-10<0, so we have a local max at (0,0).

D(+2.644239 ,1.8984)=248872> 0, £,_(+ 2.644239 ,1.8984) = -55.93 <0, so we have a local max
D( £ 0.856738 , 0.6468)=-187.64, so we have a saddle point.

IMax

The graph of the surface confirms the math above.



Find the shortest distance from the point (1,0,-2) to the plane x+2y+z=4.
distance from any point (x,y,z) to the point (1, 0, -2) is d=" (x-1)*+(y-0)*+(2z-(-2))
V(x-1)%+y* +(z+2)

Solve for z in the plane:

Z=4—- X2y

Plug into distance function: d(x,y)= V(x—1)2+yz+(4.—x—2y+2)z = \/(;1:—1)2+yz+(6—)1r—2y)2
We can minimize d by minimizing the expression under the root symbol:
d*=flx,y)=(x-1)+y*+(6-x-2y)"
f=2(x-1)+2(6-x-2y)(-1)=2x-2-12+2x+4y=4x+4y-14 =1f,=4

=\ (x-1)*+y* +(z+2)?

f=2y+2(6-x-2y)(-2)=2y+(12-2x-4y)(-2)=2y-24+4x+8y=4x+10y-24 £ =10

4x+t4y-14=0 4xt4y-14=0 a3 dowmn
4x+10y-24=0=-1(4x+10y-24=0)> -4x-10y+24=0= -4x—10y+24=0

Using x= g, weget4(x)+4§—14=o -6by=14-24
20 -6y=-10
4X=_§+14 10 _5
-20 42 =6 3
4X= + —
3 3
p—
4 3
22 11 _ 0 ._ 0 o
X~ "% £y =55 5= 5, 4xvay-14)=4

Create D(11/6,5/3)= 4-10-4*=40-16=24>0,f, (11/6,5/3) = 4 > 0, so the point

(11/6,5/3) gives a local minimum. In this case, the minimum distance is found as follows:
d(11/6,5/3)=V(x-1)*+y*+(6-x-2y)> =V (11/6-1)*+(5/3)*+(6-11/6-2(5/3))* =2.0412 units.

A rectangular box without a lid is to be made from 12m® of cardboard
volume of such a box.
The volume of the box is V=xyz. Just multiply the edge lengths together.
The surface area is 2 xz+ 2 yz+ xy=12.

The surface is side+side+bottom+firont+back.

We can make the volume into a functio of x, y alone by solving for
XZ - z in plane:
2xzt2yz=12— Xy
Yz z(zx+t2y)=12-xy
7 _ 12-xy
g 2T o xtoy

Xz 2y
12-x 12 xy—
So V=xy > 24
x 2x+2y 2x+2y

2 xy— x>
So we get V(&YFngjz

po0 12xy-X"y" o
X 9x 2xt2y | 0x

(12xy-x*y*)(2xt2y) "
(uv) =uv+e’y =(12y-2xy?)(2x+2y) "+(12xy- x> y*)(-1)(2x+2y) *(2)

=(2x+2y) *[(12y-2xy*)(2xt2y)-2(12xy- x* y*)]
_ (12y-2xy?)(2x+2y)-2(12xy- x> y*)
(2xt+2y)®
_ 2445+245° - 4225 - 4xy® - a4ky+ 3£ y*
(2xt2y )*
_2x'yit24y*-4xy®

(2xt+2y)®




_ 2y*(-x*+12-2xy)
2% (x+y)*

_ y[12-2xy- x*]
2(x+y)*

Alot of similar work shows that 2 taxy-xy? < (1272xy-y7)

2xt2y 2(x+y)*
Setting these equal to o gives us
x> (12-2xy-y*)

2(x+y)*
y*[12 -2 xy- x*

2(x+y)*
WIth x=0,y=0, we don't have a vilume, so
solving forx* andy®* we get
12-2xy=y~
12-2xy=x"
Equating these we get x* = y* , and since x> 0, y> 0 for physical reasons(it’s a box), we get
x=y. Replacing y with x in 12-2xy- x> =0, we get 12-2x*-x*=0=>12-3x°=0>3x =12
2. = x"=4
When x=2, y=2 also. V= 12xy—x2yz 12(2)(2)-2%-2* _48-16 _ 32

2x+2y 2-2+2-2 g 8 4 = x= 2 (-2 not physical )
So we get x=2,y=2,7=1. As the graph of the volume shows, we're at z=1 at x=2,y=2.

=0 = x*(12-2xy-y*)=0=>x=0, or 12-2xy-y* =0

] =0=>y*(12-2xy-x*)=0=>y=0,0r12-2xy-x" =0

- xy

Zz=1 gt x=2,y=2

2x+2y




