Please keep phones and computers away while doing notes.

Section 3.10/Linear Approximations and Differentials

based on

error = | f(x)—L(x)|

£ L(x)=f(a)+f'(a)(x—a)< L is the linearization of f at x=a.
basedon, - pim-x L (a)=f(a)+f'(a)(a-a)=f(a)

_2slopeatxa, f'(4) slope at a of both f and L.

f(a)=L(a)
P Example 1/Page 251 : Find the linearization of the function
4 f(x)=Vx+3 at a=1(x=1) and use it to find the approximate value s
x=a of V398 and V4.05
1 ] 1 1 L(x)=f(a)+f'(a)(x-a)
ick up here: f'(1)= = =——=— ' d d 172
P 2V1+3  2Va 22 4 f(1)=V1+3 =4 =2, f(x)=EW/x+3=E(x+3)
LO)=2+ T (x-1)=24Tx-F =S+ Zx-d=Tx+ T 1 12 d 1 1
2 4 X AT AT AT T XY = (x+3) /W(x+3)= 7= s
+
1.7 form: mx+b 2(x+3) X
So ZX+ it Vx+3 when x is close to x=1! Let's use this: V398 =1 098+3
Now V398 = V008+3 = %(0_98)+ % =1.995 next... Approximate V/4.05 =V 1.05+3 = %(1.05)+ % =20125
V375 doesn't mean input 3.75.it means Y 0.75+3 = %(0.75)+% Vx+3
Vx+3 = some number...
error=| V3.98 - 1.995|=6.26-10"° (tiny difference)
error for x=1.05: =405 -2.0125|=388-10""° (tiny error)
error for x=2: V2+3 =5 =~ %(2)+ % =225
V5 =224
"Famous physics application" L(x) to represent sin(x) at x=0: 10
L(x)=f(0)+f'(0)(x-0)=sin(0)+cos(0)(x-0)=0+1(x)=x ( X
So when x is close to 0, we can represent sin(x) with just x! | sinx
Graphs shows that around x=0, sin(x) = x , since the graph lines 0.5 //
pretty much match! //
To avoid signs, just do error=| f(x)—L(x) | = magnitude of error P
big or small?? g
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Differentials:

Ay =f(x+4x)-f(x)
dy= differential of y

X X+AX

d
Usuallyd—})/( is seen as ONE, UNBREAKABLE symbol!

d 1 . .
d—))/( =f"'(x).. except here we treat dy/dx like a fraction:

d ] i ]
d_i =f (X) multiply by dx dy=f (X)dX
dy=Ay

f' (x)dx=f(x+4x)-f(x)

Example 3/Page 253: Compare the values of Ayand dy if f(x)= x>+ x?-2x+1 and x changes from x=2 to x=2.05:

dx=4x=205-200=005, f'(x)=(x3)+(x2) +(-2x) +(1

) =3x%+2x-2

dy=f'(x)dx: dy= (3x? +2x-2)dx-2ugintevales , v, _(3.22+2.2-2)(005)=07
exact change in f as x goes from x=2 to x=2.05: f(2.05)-(2.00) = 2.05%+205%-2-205+1-(2%+22-2-2+1)=0.717625

dy=0.7, Ay=0.717625 ... so dy = Ay



. i L(x)=f(2)+f(2)(x-2)
eror =2%+22-2.2+1+(3-22+2:2-2)(x-2)
9.8 //
. ) =9+14(x-2)
v — A4y  Picture shows that
e
9.4 A dy and Ay are very close but
/ dy not identical. We express this by writing
9.2 // dy=Ay
2)=f(2) =
( s)a.o (2). dx=4x Example 4/Application:
- The radius of a sphere was measured to be 21 cm
8.8 with a possible error in measurement of at most .05¢cm.
What is the maximum error in using this value of the
8.6 radius to compute the volume fo this sphere?
200 201 202 203 204 205 206 207 . r= radius, Ar:change in radius= 0.05¢cm
4
What is AV = exact change in the volume V= gﬂfe' (volume of sphere)
dVv ﬂ=iﬂ_‘3‘r2=4ﬂ_r2 solve for dV dV=4ﬂ'l’2df’

r=21(dr=4r=005) ar 3

dV=4-7-21-0.05%~ 277 cm®. Seems like a big number but lets compare to the volume at r=21:

AV = exact change ~ dV=277cm 3
, , _ AV becauseavsav  dV _ 4zrPdr _4dr _Adr 3 __dr
relative error using AV = VT 7 L, ar 1 4r_3 "
3 3

. . . . . . . dr . . .
In words: The relative error in volum is 3 times the relative error in the radius : - &< relative error in radius

. . 0.05 ;
relative error in volume ~ 3- —2= =0.0071 _in percent form , y 740/ &= gmallll

0.71
o=
71% 100

.71 out of 100, which is not even one box!
"calculus "= Latin for "small stone"

< divide the volume into 100 boxes.the change in the volume when x goes from r=21 to r=21.05 is




